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Abstract We present a polarisable multipolar interatomic

electrostatic potential energy function for force fields and

describe its application to the pilot molecule MeNH-Ala-

COMe (AlaD). The total electrostatic energy associated

with 1, 4 and higher interactions is partitioned into atomic

contributions by application of quantum chemical topology

(QCT). The exact atom–atom interaction is expressed in

terms of atomic multipole moments. The machine learning

method Kriging is used to model the dependence of these

multipole moments on the conformation of the entire

molecule. The resulting models are able to predict the

QCT-partitioned multipole moments for arbitrary chemi-

cally relevant molecular geometries. The interaction ener-

gies between atoms are predicted for these geometries and

compared to their true values. The computational expense

of the procedure is compared to that of the point charge

formalism.

Keywords Quantum chemical topology � Force field �
Multipole moment � Polarisation � Atoms in molecules �
Machine learning

1 Introduction

Molecular dynamics and mechanics methods are used to

investigate a wide variety of chemical problems, including

but not limited to peptide structure [1], semiconductors [2]

and the origins of life [3]. There is a competition between

the accuracy of the results of such studies and the com-

putational cost of carrying them out. Quantum mechanical

(QM) methods may be employed in cases where electronic

detail is required [4]. Explicit treatment of the electrons

makes the cost of QM simulations very high and as such

they are limited to use with small systems over short time

periods [5]. Hybrid methods may be employed to reduce

this cost, wherein small parts of the system considered

chemically important are treated explicitly and the rest of

the system is treated approximately [6, 7]. For cases where

QM detail is not required, the whole system may be treated

using an approximate potential energy function. The most

commonly employed class of such functions are referred to

as force fields (FF). FF energy expressions make the study

of longer simulations or larger systems feasible by sacri-

ficing some of the accuracy of the description of the

potential energy surface (PES) of the results for reduced

computational loads. The continuing increases in computer

power along with the introduction of molecular dynamics

codes that can take advantage of GPUs [8] have allowed

the recent extension of the domain of application of FFs to

much longer simulation times and system sizes than have

previously been available [9, 10].

There are many FFs commonly used in biochemical

research. Popular potentials include CHARMM [11, 12],

AMBER [13, 14], GROMOS [15] and OPLS [16, 17].

Certain aspects differ between them all, but they share a

common framework. The central shared assumption is that

the potential energy of a chemical system can be written as
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a function of the relative positions of its nuclei. This

potential energy function is not derived from first princi-

ples but is guided by chemical intuition. Typically, it takes

the form of a combination of bond-stretch, angle-bend and

torsional rotation functions (grouped together as the ‘bon-

ded’ part) along with an expression for the electrostatic,

short-range repulsion and long-range attraction interactions

(the ‘non-bonded’ part). The bond-stretch, angle-bend and

torsion terms are usually expressed in the form given in

Eq. 1

Ebonded ¼
Xnmax

n¼2

X

B

Cn
RðB� B0Þn þ

X

h

Cn
hðh� h0Þn

 !

þ
X

u

Xmmax

m¼1

Cm
u cos mu; ð1Þ

where B, h and u refer to bond lengths, angles and

dihedrals, respectively, a subscript 0 denotes a reference

value and the Cs are a set of constants to be determined.

The values of mmax and nmax refer to the order of the

expansion for each term and vary between FF, with higher

values expected to represent the energetics of each physical

phenomenon more accurately. Work has been carried out

on the utility of including coupling terms for a more

accurate description of the bonded energy [18]. Various

forms for the bond-stretch energy have been proposed and

compared [19]. Improper torsional terms may also be

added to describe deviation from equilibrium geometries in

planar systems [20]. The non-bonded expression typically

consists of a Lennard-Jones function paired with a charge–

charge representation of the electrostatic interaction, or

Enon�bonded ¼
X

i\j

Aij

r12
ij

� Bij

r6
ij

þ qiqj

erij

 !
: ð2Þ

Here, qi represents the partial charge assigned to the

atom i, rij is the distance between atoms i and j, e is

the relative permittivity that allows for screening of the

electrostatic interaction and Aij, Bij are constants found by

application of combining rules to predefined atomic values

[21]. These interactions are computed between atoms

separated by three or more bonds. Special terms may be

added to cover additional physical phenomena such as

hydrogen bonding. The parameters present in the bonded

equations are typically found by fitting to a set of data. This

set may be collected experimentally either [22] by

application of ab initio methods to small molecules [23]

or by a combination of both [24]. The parameterisation

process requires the predefinition of a set of distinct atom

types. These are typically chosen to represent atoms within

a broad class of functional groups. The transferability of

parameters to models outside the fitting set is strongly

dependent on which atom types are included.

Force fields as described have achieved success in

allowing the investigation into a wide range of chemical

problems. However, they have been shown to be deficient

in predicting results for important classes of molecules,

such as nucleic acid base pairs [25]. In some cases, the

electrostatic polarisation has been found to be entirely

responsible for binding in biochemical systems [26]. The

fitting of parameters to bulk properties can cause the lack

of a correct description at the more detailed level of clus-

ters. The FF geometries of small molecular clusters may be

in strong disagreement with their ab initio counterparts

[27]. Such methods suffer from poor transferability, and

methods that predict correct macroscopic behaviour from

correct microscopic behaviour should be less affected by

this issue. Correct bulk behaviour should emerge from such

methods.

Bond-stretch and angle-bend terms are transferable

between chemical environments with a low associated

error. The non-bonded terms must therefore be responsible

for the majority of the lack of transferability found in FF.

The electrostatic interaction term in particular is affected

[28]. In typical FF, charges are assigned to atom types by

fitting the ab initio electrostatic potential around a series of

molecules [29]. This method reduces transferability

between conformations as in reality the charge distribution

is parametrically dependent on the nuclear positions, but

this is not recreated when fixed charges are employed.

Capturing the change in electrostatic properties with

molecular conformation is the goal of polarisable FF. There

are polarisable versions of several major FFs, including

AMBER [30] and CHARMM [31]. The polarisation

methods employed typically fall into one of three groups:

point polarisable dipoles [32], Drude oscillators [33] or

fluctuating charges [34]. The first two methods require

iteration to self-consistency, which adds computational

cost to a force field calculation. All methods suffer from

the polarisation catastrophe. This occurs when polarisable

electrostatic moments are at a short separation, leading to a

divergent evaluation of their interaction energy. This

problem is typically avoided by use of an arbitrary damp-

ing function [35].

This communication focuses on the replacement of the

electrostatic term with a more detailed form that incorpo-

rates polarisation by application of a machine learning

method. Applications of machine learning methods to the

design of potentials are relatively sparse. Applications of

neural networks have recently been reviewed by ourselves

[36]. Of particular relevance are applications to the simu-

lation of liquids [37, 38] and to the computation of inter-

atomic potentials [39–41]. Kriging (Gaussian Process

Regression) has also been used to model potentials for

solids [42] and has been applied to QSAR problems [43].

Of the investigated methods, Kriging provides the best
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cost-to-accuracy ratio. An application of the current pro-

cedure to ethanol was recently described [44] and is here

generalised and applied to an amino acid pilot system. The

method proposed here avoids the iterative calculation of

the polarisation and does not require a (short-range)

damping function.

Point charges, as employed in FF, are isotropic, whereas

the electron distribution of a chemical system is not.

Consideration of the ab initio expression for the total

molecular energy clarifies this issue. The total molecular

energy can be written as a function of reduced density

matrices, as specified by Eq. 3, which is valid for closed-

shell Hartree–Fock wave functions,

Etot ¼ �
1

2

Z
dr1r2

1qðr1; r2Þr1¼r2

þ 1

2

ZZ
dr1dr2

qtotðr1Þqtotðr2Þ
r12

� 1

4

ZZ
dr1dr2

qðr1; r2Þqðr2; r1Þ
r12

ð3Þ

The first term is the electronic kinetic energy, the second

the Coulomb interaction and the third describes the

exchange interaction. Partitioning the total energy into

intra-atomic and inter-atomic contributions, as detailed in

Eq. 4, enables the exploration of a mapping between

ab initio energy contributions and the classical FF

expressions of Eqs. 2 and 3,

Etot ¼
X

A

EA
kin þ

1

2
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A

EAA
coul �

1

4
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� 1
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If we restrict the inter-atomic Coulomb interactions in

Eq. 4 (the fourth group of terms) to be between atoms

separated by more than three bonds, then we obtain the

analogue of the electrostatic energy as given by the last term

in Eq. 2. An expansion in terms of spherical harmonics of

1/r12 appearing in the electrostatic energy expression of

Eq. 3 (the second term) allows the interaction energy

between two atoms A and B to be expressed in terms of

multipole moments and a geometric interaction tensor TlBmB

lAmA
;

with the introduction of a convergence criterion, or

ECoulomb ¼
X

A

X

B 6¼A

Xlmax

lA¼0

Xlmax

lB¼0

XlA

mA¼�lA

XlB

mB¼�lB

QlAmA
TlBmB

lAmA
QlBmB

ð5Þ

Qlm is the mth component of a multipole of rank l. A

moment of rank l has 2l ? 1 individual components

numbered from -l to ?l. For example, the dipole

moment is of rank 1 and has three components, m =

(-1, 0, 1). TlBmB

lAmA
is dependent on the internuclear separation

and mutual orientation of local coordinate systems centred

on the nuclei. We note here that analytical first and second

derivatives of this potential are required for geometry

optimisation and molecular dynamics calculations. These

are known analytically within the rigid body formalism

[45], and enable a robust investigation into PESs [46]. A

future communication will detail the analytical form of the

derivatives for the method described herein. The general

formulae for geometry-dependent multipoles have been

recently described [47]. It is useful to introduce a rank for

an atom–atom interaction, denoted L. This rank measures

the number of multipole moments used to compute the

energy and is equal to lA ? lB ? 1. In previous studies, we

have shown that L = 5 is necessary to reproduce both the

broad structural features of a liquid-like system (i.e. water

[48]) and the structural details of hydrated biomolecules

[27]. Computing the complete L = 5, energy would require

the building of 25 models, one for each multipole moment

of each atom. The building of Kriging models is the most

time-consuming part of the process; therefore, we restrict the

models to monopole, dipole and quadrupole moments only

(i.e. nine components in total). No additional technology is

required to treat the higher moments, and they may be

included where CPU time is available. The model building

time does not increase with the rank of a multipole moment.

The decision to restrict the included moments to up to

quadrupole means that lmax in Eq. 5 is set to 2. Hence,

octupole-dipole, octupole-charge and hexadecapole-charge

terms (and their inverse counterparts) are not included in the

energy evaluation of Eq. 5 used to test the models. Using the

true octupole and hexadecapole moments, we can

investigate the contribution of these terms to a total 1–4

and higher interaction energy. The mean of the unsigned

values of the sum of these three energy contributions

amounts to 8 kJ mol-1 for 100 test conformations. This

means that, on average, 8 kJ mol-1 is un-assessed in terms

of Kriging polarisation.

The convergence criterion states that the expansion will

converge when the magnitude of a particular vector is

smaller than the inter-nuclear distance. This vector is

defined as the difference between two position vectors,

each marking the location of an electron with respect to a

nucleus. In general, this convergence criterion allows the

application of Eq. 5 to 1–4 and higher terms; although in

some cases, 1–4 interactions may not meet this criterion. In

such cases, it is possible to move the predicted multipole

moments to different centres by application of a ‘‘shift’’

procedure [49]. The resulting shifted moments allow the

calculation of initially non-convergent 1–4 interactions on

the same footing as the 1–5 and higher interactions [50].

An algorithm for determining the optimal shift has recently
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been described [51]; however, it is not applied here as it

requires higher moments to give accurate results. The

separation of nuclear and electronic coordinates allows the

separate computation of the multipole moments and their

subsequent combination to compute energies. Multipole

moments provide a more accurate picture of the ab initio

electrostatics than atom-centred charges. The values of the

multipole moments for a particular system may be deter-

mined by several methods. Most common amongst these is

the Distributed Multipole Analysis [52], whilst several

alternative methods have been defined and compared

[53, 54]. FF that include multipolar electrostatics and

polarisation have been described [55], but are yet to find use

amongst computational biochemists. As such, the number of

cases that validate the additional expense of including a

more detailed picture of electrostatics is still limited [56].

A method that allows strict atomic partitioning is

required in order to keep within the FF framework. The

idea central to QCT is the partitioning of a system into

subspaces by means of a gradient vector field. The methods

of QCT thus include the partitioning of a molecular charge

density into regions that can be described as atoms by

consideration of the gradient vector field of the charge

density [57, 58]. QCT is rooted in quantum mechanics [59],

using atomic theorems to define atomic properties. The use

of the term QCT has been justified previously [60, 61].

Atomic properties are described by integrals over the

resulting atomic basins, where the integrand is a point

property. For example, the integration over the basin of 1

returns the atomic volume, N. When 1 is replaced by the

electron density, the result is the atomic monopole

moment, or charge. The partitioning is applicable to

chemical wave functions in general. Figure 1 shows the

QCT atoms of an extended conformation of AlaD. The

boundaries between atoms are clear. When an interatomic

surface is not present, atoms extend to infinity and in

practical applications have to be capped by an isosurface in

q(r).

The atomic multipole moments (AMM) can be expres-

sed as integrals over the atomic basins.

QlmðXÞ ¼
Z

X

drqtotðrÞRlmðrÞ ð6Þ

qtot is the total ground-state electron density and Rlm is a

regular spherical harmonic function, which can be complex.

X denotes integration over an atomic basin. We work with

real spherical harmonics; therefore, Eq. 6 has to be

modified according to the procedure described in Stone’s

monograph [62]. The AMMs have a parametric dependence

on the nuclear positions and a direct dependence on

the electron density, i.e. AMMs are conformationally

dependent [63]. For a given conformation, there is a

single value for each AMM in a topologically partitioned

molecule. We can therefore describe polarisation as the

change in the value of a multipole moment of a QCT atom

when the molecular nuclear positions (and hence the

internal coordinates) are altered. This approach replaces a

previously explored avenue, where polarisation was treated

in the context of long-range Rayleigh–Schrödinger

perturbation theory [64]. There the change in an AMM

(typically only the dipole moment) is expressed in terms of

an electric field through a polarisability (tensor). In the

current method, we do not express polarisability explicitly.

Instead, we construct a direct mapping between an AMM of

interest to nuclear coordinates of its environment. This

method is valid at short range because it draws its data from

(super)molecular wave functions that obey the Pauli

principle and whose electron densities lead to well-

defined non-overlapping atoms. An additional advantage

of the use of QCT is that any system can be decomposed

into discrete atoms, and thus the distinction between inter-

and intramolecular polarisation can be removed. That is, an

atom is polarised by all other atoms in the system, whether

this is composed of a single molecule (as in the current case)

or a cluster of molecules. Previous work [37] has described

the application of the current method to clusters of rigid

water molecules, where the AMMs of a central water

molecule were modelled as dependent on the position and

orientation of a number of neighbouring water molecules

(from 1 to 4). Provided a consistent set of coordinates can be

defined for every structure in a training set, Kriging models

can be built for the AMMs that model inter- and

intramolecular polarisation on the same footing.

Figure 2 illustrates the concept of a moment directly

varying as a function of varying nuclear positions. This

figure displays the value of the monopole moment of Ca of

AlaD for a series of values of the protein backbone dihedral

angles u and w. Ca is chosen as its AMMs are expected to

vary most significantly with these central angles. It should

be noted that the monopole moment Q00 coincides with the

Fig. 1 The QCT atomic partitioning of the AlaD molecule. Atoms

are capped by the q = 0.001 a.u. isosurface
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net atomic charge because Eq. 6 involves the total charge

density, which contains the nuclear charge as well. Rota-

tions were carried out around these angles starting from the

extended structure in Fig. 1 without optimisation of the

resulting structures. An angular step of 10� was employed

in both dihedral angles. The charge remains positive in all

cases, but varies over the torsion space between almost

neutral (Q00 = 0.001e) and nearly a full electronic charge

(Q00 = 0.884e). In general, the relationship between Q00

and u, w is particularly complicated, but also smooth. We

cannot confidently map this plot onto a Ramachandran map

because internal coordinates other than u, w are not altered

(or relaxed). In fact, a small number of conformations were

so strained that a wave function could not be obtained for

them with GAUSSIAN’s default parameters. Rather than

commenting on local extrema, we just point out the broad

periodicity over 180� in u and w.

Replacement of the isotropic charge–charge electrostatic

interaction energy by Eq. 5 is not immediately feasible due

to the expense involved in evaluating a wave function for

each conformation of interest and integrating the electron

density over atomic basins. It is first necessary to find an

alternative analytical form for the AMMs that avoids such

an evaluation at every step. In this work, this is achieved by

modelling the dependence of the AMMs on the internal

coordinates of a molecule. A prescription for defining the

internal coordinates of a molecule is required. We use an

atomic local frame (ALF) to express the Cartesian coor-

dinates of a molecule from an atomic point of view. Each

atom of the molecule has a different ALF. The frame is

centred on the atom in question. The x-axis is chosen to

point along the line from the origin to the heaviest atom

bonded to it in the molecular graph. The xy-plane is defined

so as to contain both the heaviest and second heaviest

atoms bonded to the origin atom. In the case of terminal

atoms, the x-axis is defined by the only atom bonded to the

origin atom, and the xy-plane is defined to contain the

x-axis atom and its own heaviest bonding partner. Where

two or more duplicate elements are bonded to a central

atom, the Cahn-Ingold-Prelog rules are employed to decide

priority. If all atoms are equal according to these rules, then

the lowest numbered amongst them is used. For example,

the atom H18 has the frame H18–N17–C6. Being a ter-

minal hydrogen atom, its x-axis is defined by its bonding

partner N17. This atom has two other bonding partners, C6

and C19. As C6 is directly bonded to O10 and C3, with

C19 bonded to H20, H21 and H22, the former is of higher

priority. The AMMs are computed in these frames.

Internal coordinates are used to build the Kriging

models as for a system of N atoms, there are 3 N-6 such

coordinates. The dimensionality of the feature space is

important when building models. Higher-dimensional

relationships are more difficult to model, so N should be

minimised where possible. However, Kriging is able to

cope well with high values of d. For the AlaD system the

dimensionality is 60. The internal coordinates used in this

work are the magnitudes of the position vectors of the

atoms defining the x-axis and xy-plane and the angle

between these two vectors. The position of any atom not

used to define the ALF is described using spherical polar

coordinates. Machine learning methods can be used to

build models for the relationship between AMMs and

nuclear geometry. The Kriging method [65, 66] (also

termed Gaussian Process Regression) is employed here for

this purpose. Internal coordinate vectors for a set of

appropriate examples and the corresponding AMMs con-

stitute the training data of the models. The result of the

model building is an analytical form for the AMMs as a

function of nuclear position,

yðxÞ ¼ lþ
XNtrain

i¼1

wi exp �
Xd

j¼1

hj xi
j � xj

���
���
pj

" #
ð7Þ

Here, l is the global trend in the data and wi is the

Kriging weight for a particular training example i,

computed from the training data. hj and pj are the jth

components of the 3N - 6 dimensional Kriging vector

parameters h and p. These are vectors with 3N - 6

elements that describe the weight each feature is given in

making a prediction (h) and the power to which the

difference between test and training values of features are

raised. There are therefore two times the number of

coordinates parameters (2(3N - 6)) to be determined. In

Eq. 7, xj
i is an internal coordinate for a training set

geometry, and xj is the corresponding value of that

coordinate for a test geometry. For such a test geometry,

the Kriging model assumes an AMM to be composed of the

global trend, added to a weighted sum over all the training

examples of the correlation between the structures of the
Fig. 2 Contour map of the relationship between the protein dihedral

angles u, w and the monopole moment (Q00) of the AlaD a-carbon
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test and each training conformation. The correlation is here

measured by the exponential power correlation function,

although alternatives may be used in its place. It should be

noted that for conformations far outside the training set, the

magnitude of the feature differences is large. As this value

increases, the exponential factor becomes smaller and the

predicted moments tend towards the global trend, which is

an estimate of the average over all conformations.

Conformationally averaged AMMs have been previously

suggested as a method for the inclusion of a better

electrostatic description than the point charge method [67].

The fact that the Kriging models reduce to this

representation for unseen conformations is an additional

advantage of using Eq. 7 to model the polarisation of

AMMs. The building of a Kriging model involves

maximisation of the logarithm of the likelihood function

L of the training data with respect to these parameters,

log Lðh; p; l; rjyi; i ¼ 1; 2; . . .;NtrainÞ

¼ �Ntrain

2
logðr2Þ � 1

2
logð Kj jÞ

� ðy� 1lÞT K�1ðy� 1lÞ
2r2

ð8Þ

K is the correlation matrix whose elements are the values

of the exponential power correlation function for pairs of

examples in the training set, y is the vector of training

outputs and l, r2 are the mean and variance of the training

data. The vector 1 is has Ntrain components that are all equal

to 1. The elements of K-1(y - 1l) are the Kriging weights

referred to in Eq. 7. The computational expense of the

training lies in inverting K for each step of the optimisation;

therefore, search methods that require small numbers of

steps are generally preferred. A particle swarm optimisation

was used to find the optimal parameters h and p for each

AMM. The results of this optimisation were then subjected

to a Nelder–Mead downhill search to refine their values. A

more detailed account of Kriging as applied to AMMs can

be found in [37].

The quality of the final models depends on the number

of training examples, Ntrain, and how well the AMM hy-

persurfaces can be modelled as Gaussian processes. The

ultimate test of the method lies in the accuracy of geometry

optimisation and molecular dynamics calculations. Carry-

ing out such a test requires expressions for the electrostatic

forces and parameterisation of Eq. 1 against the electro-

static method defined here. In addition, a mathematical

form for the long-range attractive and short-range repulsive

interactions must be chosen. Whether this will prevent a

close agreement with the underlying QM method for such

tests is an open question as of yet. We work under the

assumption that improved electrostatics will allow a closer

agreement with the QM method than the point charge

formalism. The accuracy of the isolated method can be

investigated by creating a series of test cases, generated by

the same method as the training cases. Comparison of the

predicted AMMs (for each atom) to the true values found

by the evaluation of Eq. 6 by numerical integration pro-

vides a direct measure of the predictive power of the

models. The force field electrostatic energy can be com-

puted using the predicted and true moments, measuring the

feasibility of the replacement of the charge–charge inter-

action in FF with the machine learning–based polarisable

multipole method described herein.

In future work, we will investigate the transferability of

Kriging models by a feature selection process. The pre-

diction formula in Eq. 7 requires that the full set of internal

coordinate features be present. In order to use the model to

predict the AMMs of atoms in environments other than

those of the training molecules, the list of features needs to

be truncated. For example, if we wish to predict AMMs for

an alanine a-carbon in a protein using the models built with

AlaD, we can only include the features present in both

systems, i.e. the coordinates of the side chain and peptide

bond atoms. The values of h can be interpreted as weights

for each feature, giving their relative importance to a pre-

dicted AMM. The features can be ranked in the order of

importance by consideration of their h values, and models

can be rebuilt using a set of features that describe the

environment in decreasing detail as features are removed in

this rank order. As atom types emerge naturally from this

analysis, they do not have to be imposed onto systems by

arbitrary considerations. Measuring the effect of this fea-

ture selection on the accuracy of the moment predictions

allows the quantification of the transferability of the QCT

AMM models. Such a prescription allows the models built

here for the AlaD molecule to be used to predict the

electrostatics of larger molecules, for example longer

polyalanine chains. These models will provide accurate

local polarisation due to the features that are included in

the transferred Kriging models. Any polarisation effect

from the presence of atoms not in the originally modelled

molecule will not be captured by the transferred models.

For this reason, investigations are underway into the length

of amino acid chain that can be feasibly modelled, as well

as the extent of the protein environment that must be

included in order for the AMMs to become constant with

respect to including more environment.

2 Computational details

All ab initio calculations were performed using GAUSS-

IAN03 [68]. Structures were created and inspected with

GaussView3.0 [69]. Atomic integrations were carried out

with the programs AIMall [70] and MORPHY01 [71, 72],

with the GUI [73] of the latter used for visualisation of
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atomic basins. Kriging models were built and tested using

the in-house programs EREBUS and NYX, respectively.

Marvin [74] was used in the generation of force field

minimum energy structures. Molecular images were pro-

duced with VMD [75, 76].

3 Generation of training data

Testing the method requires a pilot system of appropriate

relevance to the intended final application. Alanine acts as

such a system, providing the structural elements common

to all amino acids. We cap the single amino acid structure

with –NHMe and –COMe to produce AlaD. The connec-

tivity and numbering system for this molecule is shown in

Fig. 3, along with the u and w angles that are used in

Figs. 2 and 4. It should be noted that the proposed meth-

odology is not dependent on any protein-specific factors. It

may therefore be considered generic and can be applied,

for example, to biomolecules (e.g. proteins, DNA/RNA),

liquids and solvated ions, and can be used to compute the

interactions between any combination of these species.

The quality of the final Kriging models is dependent on

the sampling method used to select the training data. It is

necessary to include nuclear arrangements similar to those

that will later occur in the context of prediction. Here, we

test the ability of Kriging to predict nuclear arrangements

generated by the same process as the training data, so this

similarity is guaranteed. As future applications lie in FFs,

the method of structure generation must be relevant to

molecular dynamics or geometry optimisation. Low-fre-

quency normal modes can often be used to describe large-

scale movements in proteins [77] and structural changes in

smaller molecules. We therefore first perform a search to

find as many of the minima on the PES as possible. The

AlaD molecule was drawn and then optimised at the HF/6-

31G** level of theory. The resulting geometry was used to

seed a conformational search on the Dreiding force field

PES. 500 structures were produced via this method. These

structures were then re-optimised at the HF/6-31G** level.

This low level was employed for three reasons, at the

current stage of FF development. First, Hartree–Fock lacks

dispersion energy, which allows us to separate out the

Coulomb part of the ab initio energy [78]. This is important

for the parameters of the empirical part of the potential,

subject to a future publication in progress, where the

Lennard-Jones function is employed to compute the 1–4

and more distant 1–n dispersion interactions. Secondly,

HF/6-31G** also allows for fast computation of the

required training and test data, where the small basis set

compensates for the systematic error known to be present

in HF. The accuracy of the method described herein is not

strongly dependent on the underlying ab initio method.

Therefore, we can extend conclusions drawn at this level to

higher levels. Thirdly, the interatomic Coulomb energies

are larger in magnitude at HF level compared to a method

that incorporates electron correlation, using the same basis

set. Indeed, the HF method is known to produce much

more polar wave functions than post-HF or DFT methods.

The energy prediction errors that will be discussed below

are therefore worst upper limits in terms of absolute value.

For the worst predicted test conformation, the monopole

moment for N1, for example, changes from -1.57e to

-1.05e (or *30%) on moving from HF/6-31G** to

B3LYP/6-311?G(2d,p) (the latter evaluated at the HF/

6-31G** geometry). From Eq. 9a, one can deduce that

smaller absolute values of an AMM lead to smaller errors

in interaction energy. Indeed, the first two terms in Eq. 9a

show that an AMM prediction error is amplified (i.e.

multiplied) by the magnitude of an AMM on a probe atom.

Fourthly and finally, given that we can make general
Fig. 3 Structure of the AlaD molecule and the numbering system

employed

Fig. 4 u, w-Projection plot of the minimum energy structures of

AlaD (shown in orange) and the structures distorted along the normal

modes of vibration (shown in black)
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comments about the method based on HF wave functions,

we can also make comparisons to HF results for long

polyalanine chains in the very near future, connecting to

the results in this paper. At higher levels of theory, com-

parison to chains of significant length is prohibited by the

scaling of ab initio geometry optimisation. We note here

that, in total, 29 minima were found for the molecule on the

HF/6-31G** PES.

Population of the basins around these minimum energy

structures is achieved by employing the normal modes of

vibration. Normal modes were computed for each of the

minima. The dataset was created by randomly distorting

each minimum along a normal mode by a random factor,

100 times for each minimum. This produced 2,900 dis-

torted structures. The distorted structures are shown pro-

jected onto the u, w plane as black points in Fig. 4, along

with the minima shown as orange points. This projection

shows the extent of the distortions in u, w space, but in

reality, each conformation differs from another in all

internal coordinates. The combination of minima and

normal mode distortions means that the training set con-

tains information related to conformational change. For

example, rotation about an amide bond would be well

predicted in terms of AMMs as minima corresponding to

the starting and end structures are present in the training

set, as well as a set of intermediate structures generated by

the normal mode distortion procedure. For FF applications,

it is possible to restrict the number of minima used in the

model building process to minima belonging to a set of

chemically prevalent structures. Certain regions of the

Ramachandran map may not appear with a significant

probability during a molecular dynamics simulation. In

addition to this, minima may be structurally similar in

terms of their u and w angles, as shown by the clusters of

orange points in Fig. 4. Such structures may differ in other

significant coordinates (particularly torsion angles of the

type H18–N17–C6–O10), but some are related by rotations

of the capping methyl groups which may bias the models

towards particular backbone structures. Reduction in the

number of minima used to populate the training set is

possible by consideration of the RMSD between pairs of

structures in a chosen coordinate space and should result in

more accurate Kriging models. This is because for a given

training set size, there will be more distorted structures per

minimum and the interpolation effort can be focused on

interpolating between the distortions about a particular

minimum rather than between the different minima them-

selves. A careful study of which of the full set of minima

should be included will be carried out prior to the appli-

cation of the currently proposed method to proteins.

The 2,900 distorted structures were randomly numbered,

and wave functions for each of the first 1,000 examples

were computed. It will turn out, by experimentation, that

1,000 examples were sufficient to train and test the models.

The final 1,900 structures were hence discarded. The

AMMs were then determined with respect to the principle

axes of inertia. Prior to model building, the AMMs must be

rotated to the ALF of the atom they are centred on [79].

Determining the AMMs in a common reference frame and

then rotating them to their ALFs saves Ntrain * (Natom - 1)

wave function evaluations compared to the alternative of

rotating the molecule to each ALF prior to carrying out the

ab initio calculations and subsequent atomic integration. A

total of 22,000 atomic integrations were carried out. The

average time for a single point computation was 127 s, and

integrations averaged 16 s per atom for H, 47 s for C, 99 s

for N and 58 s for O. The approximate total CPU time to

produce the data necessary to build the Kriging models was

254 h. A local Linux computer cluster composed of

approximately 200 compute nodes was used to generate the

results. Therefore, approximately 2 h 30 min was required

to prepare the model builds in real time. The majority of

the total CPU time for the entire process was expended on

building the Kriging models. The values of the Kriging

vector parameter p (Eq. 7) may be optimised in the max-

imisation of the likelihood to take any real number value in

the range 0 \ p B 2, but may also be fixed at either 1 or 2.

The reduction in flexibility of the correlation function

caused by fixing p results in a poorer fit, but significant

savings in the computation time needed to build the models

can be achieved as the number of parameters is halved. For

the sequentially built models, those with optimised values

of p took an average of 15 h per AMM. The average times

with p fixed at 1 and 2 were 1 h 20 min and 55 m,

respectively. Overall, if p is optimised, then the Kriging

CPU time is 3,564 CPU h, or 93% of the total time to build

the models. Using the Linux cluster, this represents 18 h in

reality. For p = 1, the percentage spent building models

becomes 50%, and for p = 2, it is 44%. Work towards an

efficient FORTRAN implementation of the Kriging model

building process is ongoing. A significant speedup of the

building of models for individual AMMs will make feasi-

ble increased values of lmax in Eq. 5. The current program

(EREBUS) is written in the JAVA language. Of the data

production CPU time, 13% represents ab initio calculation

and the remaining 87% is spent on atomic integration.

These relative percentages will fluctuate as higher levels of

theory are employed and algorithmic efficiency improve-

ments are made.

4 Results and discussion

Testing the final models requires us to determine their

ability to reproduce the values of Eq. 5 for arbitrary

chemically relevant conformations of AlaD. We can write
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the difference between the true and predicted energy, for a

given multipole–multipole interaction, in terms of the true

AMMs and their prediction errors as follows,

DElBmB

lAmA
¼ TlBmB

lAmA
QlAmA

DQlBmB
þ QlBmB

DQlAmA
ð

�DQlAmA
DQlBmB

Þ ð9aÞ

where

DQlm ¼ Qtrue
lm � Qpredicted

lm ð9bÞ

noting that

TlBmB

lAmA
/ 1=rlAþlBþ1 ð10Þ

where r is the internuclear distance.

There are three issues to consider when examining the

interaction energy error for a pair of atoms. First is the

errors in the predicted moments, second the magnitude of

the true moments and third the magnitude of the interaction

tensor. The AMM prediction errors are foremost as they

can be controlled by the improvement of the models. It is

clear that large errors in the prediction of the AMMs will

lead to large errors in the prediction of EAB. Larger-valued

AMMs will cause the inflation of the first two terms inside

the brackets. This may happen, for example, in the case of

oxygen atoms, which carry a high net charge or for very

polar carbon atoms. The value of the interaction tensor also

influences the error. For atoms that are well separated in

space, the magnitude of TlAmA

lBmB
is diminished compared to

atoms that are in close proximity. In the latter case, TlAmA

lBmB

may be very large and interaction energies are subse-

quently large. In addition, the inverse power dependence of

TlAmA

lBmB
on the values of lA and lB implies that the contribution

to the total error decreases with increasing L = lA ?

lB ? 1. Attempts to improve the accuracy of the method

should therefore be focused on the modelling of the lower

rank AMMs.

The optimal number of training examples is unknown

a priori. Previous tests have shown that 500 examples are

sufficient for systems with numbers of atoms similar to

AlaD. To investigate this, Kriging models were built

with sequentially increasing training set sizes, beginning

at 100 and increasing in steps of 50, up to a maximum of

500. This method allows the inspection of the developing

accuracy of the models as more examples are added to

the training set. Training examples were filtered based on

the magnitude of their integration errors, measured by

the values of L(X). Ideally, this quantity should be zero

for all atoms; deviation from this value implies inaccu-

rate integration of AMMs. The cut-off was set at

0.001 au. The remaining data of the original 1,000

examples were used as an external test set, amounting to

100 test geometries.

Figure 5 shows the S-curves for each training set size

when used to predict the total 1–4 and higher electrostatic

interaction energies of these test conformations. The curves

show the log10 of the absolute interaction energy error

against their percentile values. For example, the 50th

absolute energy error percentile is the error that 50% of the

predicted geometries are within. The interaction energy

error can be defined as the difference between the energy

evaluated in Eq. 5 using the true AMMs and using the

predicted AMMs, where A and B are separated by three or

more bonds. Alternatively, the same interaction energy

error can be obtained by summing the energy difference

evaluated in Eq. 9a, over all lA, lB, mA and mB values, and

over all atoms A and B separated by three or more bonds. It

should be emphasised again that the absolute value of this

interaction energy error is plotted on the x-axis of Figs. 5,

6, 7 and 8. Improvement of the models is manifested in

leftward movement of the S-curve. The randomly selected

example geometries forming the initial training set of 100

distorted geometries (red curve) result in significant errors

compared to the optimal models, with a maximum of

73 kJ mol-1 and an average of 15 kJ mol-1. Increasing the

training set size by adding 50 examples each time produces

a visually distinguishable improvement of the models up to

a training set size of 250 examples. Thereafter, the pro-

gression is small and does not represent an improvement in

every case. This suggests that 250 examples are required to

produce the optimal models for the atoms of AlaD. Smaller

training set sizes reduce the time needed to build all of the

Fig. 5 Development of absolute total 1–4 and higher electrostatic

interaction energy errors as training set size is sequentially increased.

The average absolute interaction energy is 83 kJ mol-1 and has range

from 0.04 to 248.5 kJ mol-1
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AMM models for a system, reducing the number of wave

functions required, integrations over the electron density

along with both the number of steps in the sequential

building of Kriging models and the dimensionality of the

correlation matrix, K. In future applications, the number

of calculations need not be as many as those carried out

here.

We are not limited to using the same number of training

examples for each model, thus the final AMM models were

chosen by consideration of the r2 correlation coefficient of

each when used to predict the training set. This procedure

was carried out by EREBUS. The optimal models for each

AMM can then be combined to predict optimally accurate

values for AMMs, and from these interaction energies can

be obtained.

Figure 6 shows the absolute total interaction energy

error S-curves for the optimal training set size models

Fig. 6 Absolute total 1–4 and higher electrostatic interaction energy

errors for optimal training set size models where p is optimised (red),

fixed at 1 (green) and fixed at 2 (purple). The average absolute

interaction energy is 83 kJ mol-1 and has range from 0.04 to

248.5 kJ mol-1

Fig. 7 Absolute total 1–n electrostatic interaction energy errors for

optimal training set size models for n = 4–9

Fig. 8 S-curves of the absolute error in prediction of the nine

multipole moments of atoms a N1 and b H18 for each structure in the

test set. MM errors are given in appropriate atomic units (see caption

for Table 2)
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where p is optimised (red) and fixed at 1 (green) and 2

(purple). Fixing the values of p at 1 improves the lowest

20% of the prediction errors compared to the optimal p.

Specifically, Fig. 6 shows that the green curve (p = 1)

intersects the red curve (optimal p) at the point with

coordinates (2 kJ mol-1, 20%); moving beyond this point,

from the left to right, one finds that the red curve is superior

to the green one. Similarly, fixing the values of p at 2

(purple curve) improves the lowest 30% of the prediction

errors compared to the optimal p. However, the upper part

of the curve deteriorates for both p = (1, 1, …, 1) and

p = (2, 2, …, 0.2) with the maximum error (not easily

perceptible from the graph) increasing by 8.7 kJ mol-1 for

p = (1, 1, …, 0.1) and 8.3 kJ mol-1 for p = (2, 2, …, 0.2).

As the low percentile errors remain within the generally

quoted chemical accuracy of 4 kJ mol-1 in all cases, we

choose to proceed with the models wherein p is an opti-

mised parameter, gaining accuracy in the higher percentiles

but increasing total CPU time, as discussed above. In future

applications that require significantly greater numbers of

models to be built, fixing p may become necessary in order

to make the building of those models computationally

feasible.

The average absolute error in the total 1–4 and higher

(1–n, n C 4) electrostatic interaction energy when pre-

dicting using the p-optimal models is 7 kJ mol-1, with a

maximum of 26 kJ mol-1 and a minimum of 0.1 kJ mol-1.

The standard deviation over the test cases is 6 kJ mol-1.

The range of absolute interaction energies corresponding to

these errors is from 0.04 to 248 kJ mol-1, with an average

value of 83.3 kJ mol-1. These total energy errors are ‘‘low-

detail’’ tests of the method, involving summation over all

atom pairs A, B and AMMs. An understanding of how the

method can be improved can be gained by inspecting the

results at a greater level of detail.

To further break down the total energy errors into their

components, we can remove the summation over all atom

pairs and consider groups of individual atom–atom inter-

actions. Table 1 shows the average results for the 1–n

interactions between pairs of elements for values of n

found in the AlaD system, along with the average values of

the interaction energies for each combination. Figure 7

shows the S-curves for the total 1 - n interaction energies

summed over atom pairs.

There are 174 1–4 and higher interactions in the full set,

divided by element-element criteria into 10 subsets: 57 H–

H interactions, 50 C–H, 24 O–H, 18 N–H, 9 C–C, 8 O–C, 4

N–C, 2 N–O, 1 O–O and 1 N–N. Dividing the interactions

according to n produces 35 subsets in total. In general, the

average interaction errors decrease with the value of n, as

can be seen from Fig. 7. The only significant exception to

this rule is for the N–C interactions. The general pattern

occurs because the dependence on n is a consequence of

Eqs. 9a, 9b and 10. In general, higher values of n imply

greater average values of R, reducing the magnitude of

TlAmA

lBmB
in the calculation of the prediction errors. In some

cases, the molecule may fold in such a way as to nullify

this by making certain 1–n distances (where n [ 4) shorter

than 1–4 distances. Deviation can also be caused by the

fact that the AMMs of two atoms of the same element may

not be predicted equally as accurately as each other over

the test set. The 1–5N–C distances in the test set are on

average 15% longer than the 1–4 distances. Therefore, the

second explanation must be true, and this is borne out by an

examination of the AMM contributions to the energy error.

Equation 9a suggests that the most fundamental ele-

ments in the total energy errors are the errors in the indi-

vidual AMMs as these can be decreased in magnitude by

employment of better models. Figure 8 shows the S-curves

for the absolute errors in prediction of the AMMs for the

example atoms N1 and H18, whilst Table 2 collects the

prediction errors on each AMM of each atom averaged

over the test set.

For N1 (Fig. 8a), the monopole is the AMM with the

smallest magnitude prediction errors, followed by the three

dipole components and then the five quadrupole compo-

nents. This pattern is repeated for all non-hydrogen atoms

whose AMMs vary little with distortion of the nuclear

skeleton. For instance, in some cases, the charge may have

errors close to the dipole components, e.g. Q10 is better

predicted on average than Q00 for atom C5. In general for

these atoms, an inverse relationship exists between pre-

diction accuracy and moment rank, l.

This relationship is not observed for H18 (Fig. 8b),

wherein the absolute errors in the prediction of the

monopole moment are significantly worse than the rest of

the moments. This pattern is repeated across all hydrogen

atoms in AlaD. The charge is predicted with the same order

of magnitude absolute average error for all atoms, with the

maximum at 0.0039e (C18) and minimum at 0.0018e (H8).

The higher AMMs have an order of magnitude greater

average error in prediction for non-hydrogen atoms com-

pared to hydrogen. To place these errors in context, the

average true values of each moment are included in

Table 2.

Whilst the ultimate genesis of the total energy errors is

in the moment predictions, it is interesting to separate their

influence into atomic contributions. This is achieved by

setting all moments to their true values except for those of

one atom, which is predicted using its optimal models. The

test set total energies were computed 22 times, each atom

being treated as described. That is, the true atoms of 21

atoms interacting with the predicted moments on one atom

compared to the completely true energies. Table 3 collects

the resulting errors in the total energy for each atom. The
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quantities these errors are measured against are the same as

the energies plotted in Fig. 6, where the average absolute

total interaction energy is 80 kJ mol-1 and the range is

approximately 250 kJ mol-1.

Then, N–C ordering for the 1–n interactions as discussed

above is explained by the contributions of atoms N1 and

N17. The 1–4 N–C interaction is between atoms N17 and

C5, whilst the two 1–5 interactions occur between atoms

N1–C19 and N17–C11. N1 makes a significantly higher

contribution to the total energy error than does N17, the

former 2.31 kJ mol-1 to the latter 0.61 kJ mol-1 on aver-

age. In addition, C19 makes the highest contribution of all

C atoms with 2.20 kJ mol-1. The combination of the errors

on the atoms N1 and C19 therefore outweigh the increase

in the interaction distance in influencing the energy errors.

The errors in Table 3 can be somewhat correlated to the

chemical environment of the molecule. For example, the

methyl group formed by atoms H7, H8, H9 and C5 shows a

trend where H9 is worse predicted than H7 and H8. The

molecular distances between these H atoms and O16 are

smaller for H9, suggesting a stabilising interaction is

formed between this pair of atoms. This results in a more

polarised H9 with larger higher moments than H7 and H8.

The greater magnitude of the moments means that their

prediction errors will be larger for models that are equally

as accurate in percentage terms. This example is not

Table 1 Average absolute error

in total 1–n (n� 4) electrostatic

interaction energy DEj j for

element–element interactions

grouped by n, along with

average magnitudes of each

group of interaction energies Ej j

All energies are given in

kJ mol-1. Each line corresponds

to a set

Elements 1–n Ej j DEj j DEj jmin DEj jmax r

H–H 1–4 14.66 1.31 0.0060 7.43 1.18

1–5 33.34 0.97 0.0043 3.81 0.81

1–6 66.82 0.81 0.00085 4.14 0.68

1–7 6.55 0.62 0.018 4.24 0.59

1–8 6.88 0.53 0.010 2.27 0.40

1–9 1.10 0.10 0.00024 0.48 0.098

H–C 1–4 484.17 7.07 0.20 33.42 5.74

1–5 71.49 3.13 0.023 15.98 2.95

1–6 345.07 3.07 0.063 15.88 3.06

1–7 27.88 2.71 0.058 19.03 2.64

1–8 12.14 0.71 0.0092 3.84 0.65

H–N 1–4 106.67 3.75 0.064 15.63 3.31

1–5 538.37 3.14 0.0038 12.54 2.51

1–6 37.77 2.62 0.018 19.45 2.65

1–7 23.98 1.86 0.064 8.57 1.44

H–O 1–4 702.46 4.25 0.076 13.60 3.37

1–5 180.07 4.61 0.0089 22.87 4.03

1–6 650.10 3.87 0.064 20.76 3.65

1–7 195.78 2.23 0.045 10.77 2.07

1–8 29.89 1.93 0.020 12.46 1.86

C–C 1–4 1,709.98 4.00 0.12 14.10 3.41

1–5 162.07 2.04 0.011 8.81 1.64

1–6 385.89 2.06 0.042 7.78 1.67

1–7 28.96 0.58 0.011 2.56 0.46

N–C 1–4 147.69 1.80 0.012 7.26 1.55

1–5 1,413.28 3.52 0.046 11.59 2.73

1–6 75.92 1.42 0.012 6.02 1.11

O–C 1–4 1,090.56 4.12 0.0038 16.20 3.42

1–5 1,055.32 2.30 0.016 7.68 1.63

1–6 70.09 1.33 0.011 7.07 1.23

1–7 273.35 1.72 0.033 8.36 1.52

N–O 1–4 978.73 2.12 0.041 8.11 1.89

1–6 712.95 2.09 0.034 16.38 2.79

N–N 1–4 1,071.55 2.51 0.033 11.69 2.36

O–O 1–6 634.34 1.65 0.014 14.10 2.47
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Table 2 Average absolute atomic multipole moment values Qj j and corresponding average absolute prediction errors DQj j over the test set

examples

Q00 Q10 Q11c Q11s

Qj j DQj j Qj j DQj j Qj j DQj j Qj j DQj j

Nitrogen

N1 1.54 0.0025 0.19 0.0055 0.14 0.0034 0.11 0.0050

N17 1.55 0.0031 0.12 0.0042 0.14 0.0042 0.13 0.0044

Oxygen

O10 1.40 0.0020 0.31 0.0020 0.44 0.0025 0.24 0.0022

O16 1.41 0.0027 0.36 0.0017 0.42 0.0056 0.23 0.0021

Carbon

C3 0.58 0.0029 0.02 0.0037 0.56 0.0037 0.09 0.0039

C5 0.22 0.0031 0.02 0.0028 0.02 0.0032 0.03 0.0042

C6 1.84 0.0029 0.63 0.0034 0.34 0.0027 0.43 0.0032

C11 1.84 0.0024 0.33 0.0023 0.68 0.0025 0.27 0.0025

C12 0.16 0.0032 0.03 0.0036 0.05 0.0038 0.02 0.0027

C19 0.67 0.0039 0.40 0.0050 0.25 0.0053 0.29 0.0052

C–Hydrogen

H4 0.04 0.0030 0.08 0.0009 0.03 0.0012 0.05 0.0011

H7 0.05 0.0022 0.01 0.0007 0.11 0.0005 0.01 0.0007

H8 0.05 0.0018 0.08 0.0006 0.03 0.0010 0.06 0.0007

H9 0.05 0.0024 0.08 0.0012 0.02 0.0013 0.06 0.0010

H13 0.03 0.0028 0.04 0.0007 0.03 0.0010 0.08 0.0009

H14 0.02 0.0022 0.07 0.0008 0.05 0.0008 0.04 0.0009

H15 0.02 0.0024 0.06 0.0007 0.06 0.0007 0.05 0.0007

H20 0.04 0.0025 0.05 0.0008 0.06 0.0011 0.05 0.0011

H21 0.03 0.0028 0.05 0.0011 0.05 0.0012 0.05 0.0013

H22 0.03 0.0026 0.04 0.0011 0.05 0.0012 0.06 0.0010

N–Hydrogen

H2 0.45 0.0025 0.11 0.0005 0.07 0.0005 0.09 0.0004

H18 0.46 0.0023 0.09 0.0005 0.08 0.0004 0.08 0.0004

Q20 Q21c Q21s Q22c Q22s

Qj j DQj j Qj j DQj j Qj j DQj j Qj j DQj j Qj j DQj j

Nitrogen

N1 0.34 0.0120 0.15 0.0097 0.58 0.0120 0.59 0.0110 0.27 0.0140

N17 0.36 0.0086 0.36 0.0081 0.41 0.0093 0.37 0.0092 0.51 0.0087

Oxygen

O10 0.06 0.0040 0.08 0.0039 0.08 0.0041 0.08 0.0049 0.10 0.0044

O16 0.07 0.0082 0.03 0.0038 0.10 0.0028 0.12 0.0097 0.05 0.0035

Carbon

C3 0.21 0.0065 0.04 0.0052 0.07 0.0065 0.48 0.0075 0.08 0.0064

C5 0.06 0.0061 0.04 0.0043 0.05 0.0062 0.04 0.0062 0.04 0.0059

C6 0.16 0.0041 0.37 0.0037 0.19 0.0029 0.32 0.0031 0.33 0.0030

C11 0.34 0.0020 0.22 0.0032 0.34 0.0024 0.26 0.0027 0.11 0.0034

C12 0.06 0.0070 0.07 0.0062 0.07 0.0068 0.10 0.0062 0.06 0.0065

C19 0.17 0.0078 0.26 0.0080 0.31 0.0085 0.10 0.0088 0.17 0.0094

C–Hydrogen

H4 0.10 0.0012 0.06 0.0015 0.13 0.0014 0.02 0.0016 0.05 0.0019

H7 0.12 0.0012 0.03 0.0008 0.01 0.0010 0.18 0.0010 0.03 0.0011
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affected by the second influential observation, which is that

the number of interactions is not constant for each ele-

ment–element interaction pair at a specific value of n. For

example, there are 7 H–H 1–5 interactions, compared to 8

O–H 1–5 interactions in this table. The capping methyl

groups are involved in the greatest number of interactions

in the molecule, so their absolute error summed over these

interactions is much higher. This explains the greater errors

observed for H13, H14, H15, H20, H21 and H22 in the

AlaD system.

We close this section by some comments on the use of

CPU time in the evaluation of the energy with the current

approach of high-rank polarisable AMMs. The size of

systems treatable by this method depends on the time taken

to evaluate the energy. Comparing this to the time for the

corresponding charge–charge energy calculation provides a

Table 3 Contributions of all

multipole moment models of

each atom individually to the

absolute error in the total 1–4

and higher electrostatic energy

prediction DEj j

All energies are reported in

kJ mol-1. The average absolute

interaction energy is 83

kJ mol-1 and has range from

0.04 to 248.5 kJ mol-1

DEj j DEj jmin DEj jmax r

N1 2.31 0.054 11.27 2.25

H2 1.55 0.0030 6.78 1.35

C3 0.69 0.010 2.25 0.54

H4 1.51 0.10 4.99 1.16

C5 1.13 0.024 4.25 1.06

C6 1.38 0.0046 7.01 1.28

H7 0.54 0.0024 1.97 0.42

H8 0.59 0.019 2.00 0.49

H9 0.82 0.022 8.42 1.22

O10 0.64 0.0077 2.96 0.60

C11 0.11 0.0024 0.50 0.10

C12 1.66 0.00070 7.08 1.31

H13 2.51 0.025 12.18 2.11

H14 2.07 0.0072 9.38 1.86

H15 2.27 0.042 9.07 1.92

O16 1.70 0.0042 19.38 3.37

N17 0.61 0.013 3.41 0.58

H18 1.57 0.014 5.02 1.21

C19 2.20 0.0090 8.32 1.83

H20 1.37 0.029 6.01 1.21

H21 1.52 0.0061 6.11 1.26

H22 1.43 0.024 12.17 1.76

Table 2 continued

Q20 Q21c Q21s Q22c Q22s

Qj j DQj j Qj j DQj j Qj j DQj j Qj j DQj j Qj j DQj j

H8 0.10 0.0009 0.12 0.0011 0.15 0.0006 0.02 0.0008 0.05 0.0007

H9 0.12 0.0019 0.10 0.0018 0.14 0.0014 0.03 0.0016 0.04 0.0013

H13 0.09 0.0010 0.05 0.0018 0.10 0.0009 0.12 0.0017 0.07 0.0011

H14 0.11 0.0008 0.10 0.0010 0.08 0.0008 0.07 0.0012 0.09 0.0012

H15 0.08 0.0008 0.11 0.0010 0.10 0.0007 0.06 0.0010 0.09 0.0011

H20 0.08 0.0014 0.09 0.0013 0.08 0.0011 0.09 0.0012 0.10 0.0013

H21 0.08 0.0015 0.08 0.0016 0.09 0.0015 0.87 0.0015 0.85 0.0014

H22 0.08 0.0013 0.08 0.0010 0.07 0.0012 0.09 0.0013 0.10 0.0012

N–Hydrogen

H2 0.02 0.0007 0.01 0.0007 0.02 0.0006 0.01 0.0008 0.01 0.0006

H18 0.01 0.0005 0.01 0.0007 0.01 0.0007 0.01 0.0004 0.01 0.0006

All values are in the appropriate atomic units (i.e. e for Q00, eBohr for Q1m and eBohr2 for Q2m)
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quantitative measure of the computational expense of

including Eq. 5 in a force field. Evaluation of Eq. 5

requires prediction of the AMMs and subsequent evalua-

tion of the interaction tensor for each term in the summa-

tion. The latter can be carried out using either explicit

formulae [80] or a recurrence relation [81]. Predicting the

AMMs requires a set of Cartesian coordinates that are then

transformed into internal coordinates in an atomic local

axis system. These coordinates are normalised and used in

Eq. 7 to produce normalised values for the AMMs, which

are subsequently unnormalised. The time-dependence lies

in the system size (number of internal coordinates) and the

number of training examples used to build a particular

model. For the calculations described herein, the average

time to produce (22 9 9 = 198) AMMs was 140 ms. Of

this, the time to compute internal coordinates was negli-

gible (\0.01%). Eighty percent of the AMM prediction

time corresponds to the reading of Kriging model files prior

to making predictions. If these files were read and stored in

the RAM once, instead of reading them from disk when

needed, the cost would be significantly reduced.

Summation of the energy expression with the interaction

tensor expressed explicitly, required on average 0.5 ms,

whilst the recurrence relation gave an average of 0.2 ms.

This is in comparison with calculations carried out using

only the monopole moments and the Coulomb law, which

average 0.02 ms. The ratio of these values should be

machine-independent, and therefore we state inclusion of

this method in a force field framework will incur approx-

imately an order of magnitude increase in time required for

the evaluation of the electrostatics. However, one should

not forget that the energy evaluation is dominated by the

monopole–monopole interactions for the systems we

eventually apply the proposed method to (i.e. those with

thousands of atoms). High-rank multipolar interactions

only need to be evaluated at short-range. There is further

scope for optimisation of the method, both in moment

prediction and in energy evaluation.

5 Conclusions

The machine learning method Kriging has been employed

in the modelling of the dependence of the QCT atomic

multipole moments of the system usually referred to in the

literature as alanine dipeptide or AlaD. The Kriging models

can be used to compute atom–atom electrostatic interaction

energies instead of the point charge models of traditional

FF. The inclusion of multipole moments gives a more

detailed description of the electrostatics than the point

charge model. The use of Kriging allows a natural and

direct description of polarisation as the response of an

electron distribution to conformational change, avoiding

the short-range polarisation catastrophe. The multipole

moments are completely determined by the gradient vector

field of the electron density, and the use of QCT provides

smooth multipole moment surfaces without discontinuities.

The method as described is general. It may be applied to

any system of interest given a set of internal coordinates

that describe the geometry. The underlying ab initio level

of theory may be replaced with any other level of theory

that allows computation of an accurate wavefunction, with

the added cost being purely in CPU time required to gen-

erate the data. More multipole moments can be added to

each atom to improve the electrostatic description without

alteration in the method. For AlaD, the maximum error in

the total electrostatic energy is 26 kJ mol-1 and the aver-

age error is 7 kJ mol-1. These values may be improved by

consideration of the sampling method used to create the

training set and should improve with the use of post-HF

and DFT methods to generate the underlying data set.

The function may be employed inside the force field

framework with subsequent optimisation of the remaining

empirical parameters (e.g. force constants for bond-stretch

and angle-bend terms). The computational cost of the

method in application is approximately one order of mag-

nitude greater than the point charge method. First deriva-

tives of the function will soon be available, allowing

application to molecular dynamics and mechanics

experiments.
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